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Introduction

ERFORMANCE requirements in many industries have fre-
quently necessitated using materials beyond their elastic and
linearlimits toreduce the costand weight of structures.Considerable
efforts have been made recently to establish the sensitivity analysis
techniqueof nonlinearstructuresin which path-dependentand path-
independentproblems have been treated. Early works addressed the
design sensitivities and optimal design for the geometrical or mate-
rial nonlinearity, or both, under monotonous loadings.l‘4 However,
this approach seems unattractive from the viewpoint of computa-
tional efficiency because the entire response analysis is required
to calculate the related sensitivities of response. Cheng and Song?
first insisted on the necessity of treating sensitivity discontinuity
for piecewise linear constitutive law. Recently, Jao and Arora® also
treated the path-dependentresponse sensitivities with discontinuity
basedontheupdated Lagrangianformulationand appliedto the non-
linear structural optimization.In their method, the design sensitivity
equation is given for the total sensitivity instead of its increments at
a loading level to avoid treating the discontinuity directly. Ohsaki
and Arora’ also suggested introducing the yielding time concept
to treat the sensitivity discontinuity, but the implementation is ex-
tremely difficult for complicated problems. Hisada® developed an
efficient and approximatetechniqueto implement the nonlinearsen-
sitivity calculation; however, the method requires improvement of
precision. Furthermore, the sensitivity analysis technique of path-
dependent problems has not yet been applied to shape optimization.
In this Note, a direct sensitivity analysis technique for the path-
dependentnonlinear problem based on the updated Lagrangian for-
mulation is suggested in which the elastoplastic material of bilinear
constitutivelaw is assumed. For such a material property, the design
sensitivities are discontinuousat the material transition points. The
incremental equilibrium equation is differentiated with respect to
the design variables to derive the sensitivity equations, which are
solved during the Newton-Raphson iterative scheme of response
analysis. Then the sensitivities of incremental displacementare ac-
cumulated to obtain the total sensitivity of displacement at the cur-
rentload level. The discontinuity of the displacementat the material
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transition points is overcome directly by using the differentiated
form of constitutive equation at the yielding points.

Sensitivity Analysis of Elastoplastic Materials
Newton-Raphson Scheme for Nonlinear Structural Analysis
When the Newton-Raphson iteration scheme is adopted to ob-
tain the incremental displacement, the discrete form of incremental
equilibrium equation for the elastoplastic materials at an iterative
step i can be written as

K9Au® = AFO — ARV (1)

where Au‘” is the displacementat a Newton-Raphsoniterationi and
K is the incremental stiffness matrix. When we consider the two-
dimensional problems, the incremental stiffness is assembled by
the element stiffness given by the isoparametric mapping of natural
coordinates £-7 as

1 1
K<f>=Z / / B"DB |J|dt d
. Jo1J-1

in which B and D denote the strain-displacement transformation
and stress-strainmatrices, respectively,and |.J| is the Jacobianmatrix
for mapping. On the otherhand, AR is the internal force vectorand
is assembled by the internal force vector of each element calculated
by the total stress increment Ao at a load increment as

1 1
AR@:Z/ / B Ac|J| dg dn
T J-1J-1

and AR® = 0. Then the total increment of displacement AU at
a loading step is updated as

2

(3)

AUD = AUY + Au® )
This iterative Newton-Raphson scheme is repeated until the imbal-
ance force of the right-hand side of Eq. (1) becomes zero.

Constitutive Law

To treatthe elastoplasticmaterial behavior,a bilinear stress-strain
relationshipand von Mises yield function are assumed in this study.
When the plane stress condition is assumed, the von Mises yield
function F is expressed in terms of deviatoric stress components cr[’j
and the Cauchy stress as

F = 30/0/, —0} =0} —0,0,+0} +31], —07 <0
(5)
Oy =G'y()+H/E],, H/ZEET/(E—ET)

where oy, E, and E7 are the initial yield stress, Young’s modulus,
and strain-hardening modulus, respectively. The equivalent plastic
strain £, depends on the plastic strain history and is given by the
history-dependentintegration.

Direct Analysis of Design Sensitivity

By differentiating Newton-Raphson iterative equation (1) with
respect to the design variable b, the direct differentiation method
gives the sensitivity equation of incremental displacement as

, dAu® oK® ) &

K® = —— AU — ——

ab ab ab

The preceding sensitivity equation is solved for each iteration step i
during the Newton-Raphson iteration of response. The pseudoload

(6)
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of the right-hand side of Eq. (6) is evaluated from the sensitivities
of the internal load vector and the stiffness matrix given as

K<‘> 9B” )
Z —; DB +B B

+BTDa >|J|+BTDB 'Jl}dgd (7

in which the second term, including the derivative of the D matrix,
should be evaluated at only Gauss integral points where the stress
state is yielding.

On the other hand, we have to reformulate the expression of the
internal force vector to take the sensitivity discontinuity at yielding
points into consideration. Let us consider a transient process from
the elastic state into the plastic one. If a stress increment Ao is
separated into an elastic component Ao, and a plastic component
Ao, (Ao = Ao, + Ac)), the internal force vector of Eq. (3) is
represented as

1 1
RO — B" Ao, + B" Ac,)|J| d& dy
Z/ /( )
e —1J-1

1 1
=y / / (B"D.RAUY
. J-1J-1

+B'D,(1 - R)AUD)|J| ds dn ®)

where R denotes the ratio of the displacementincrementconcerned
to the elastic stress increment to that of the total increment.

By differentiating Eq. (8) with respect to the design variable b,
we get the sensitivity expression of the internal force vector at the
transition point as

): & L AC .,
——Z —A +B W—F—B Ao,

R
—TRBTAU],>|J| +B" Ao %} de dp 9)

where R=09R/db, and the derivative of stress increment in the
second term has to be evaluated from

289 _ Dy pav 4 p,r( B a4 p2EYE
ab b ¢ T\ o 3b
o . o AUY
+D,(1 = R)| =AU + B—- (10)

The derivative form of the elastic stress increment ratio R is de-
rived by differentiating the total stress expression and the yielding
function [Eq. (5)]. When we denote the total stress vector at the
yielding pointas o = oy + RD,BAU®, where o, is the total elastic
stress vector accumulated by the incremental stress until the previ-
ous loading step, the derivative form of Eq. (10) is combined with
the derivative form of the yielding function as

¢" (000/0b + dAc, /9b) —

¢’ Ao,

P=_ ZUyH’BE,,/BbR

an
The vector ¢ is a coefficient vector of derivative form of yielding
function given as

I'= (o, — oy, 20y

— Oy, 61‘,\'_\1) (12)

For the unloading process from the plastic to elastic state, Eqs. (9)
and (11) are modified with the elastic stress ratio R = 1. We can also
treat the reloading process the same way as in Eq. (9).

The sensitivity equation (6) of displacement increment has to be
solved at each Newton-Raphson iteration. Then, the total sensitivity
of displacementat a load level is accumulated as

IAUD  JAU D N dAu®
ab ~ ab ab

Using these sensitivities, the design sensitivities of other response
quantities such as the stress, buckling load are calculated.

(13)

Numerical Examples
Sensitivity Analysis of Circular Plate with a Hole

A circular plate of outer radius b with a concentric hole of inner
radius a under internal pressure p is considered. The design sen-
sitivity analysis and the shape optimization are implemented when
the outerradius b is taken as the design variable. The material prop-
erties of Young’s modulus, Poisson’s ratio, the initial yield stress,
and the strain hardening modulus are assumed, respectively, to be
E =196 GPa, v=0.3,0yy =235MPa, and E; =4.9 GPa. Because
of symmetry, a quarter region of the circular plate is subdividedinto
12 8-node quadratic elements and 51 nodes. Six loading steps of
Apy = 8py, Ap, = Ap; = Apy = Aps = Aps =2 py, where the in-
cremental pressure p, = 9.8 MPa, are applied, and a total pressure
of 18 py is finally loaded.

Table 1 shows the von Mises stress sensitivities on the radial axis
at the first, third, and fifth loading steps in comparison with those
by the finite difference method with Ab/b=0.01. We found that,
after the third loading step, the stresses near the inner surface yield,
and the sensitivity discontinuity can be calculated precisely. The
direct sensitivity values agree well with the finite difference values.
A minimum weightdesign subjectto the von Mises stress constraint
of o, = 255 MPa at the inner surface is also sought for the design
variable of outerradius b. Table 2 shows the optimizationprocess. It
is natural that the final design of b,,, /a = 1.923 is smaller than the
elastic solution b/a = 2.646 for the same elastic allowable stress.

Hole Shape Optimization in a Plate

The sensitivity analysis technique is also applied to determine
a hole shape in a plate under small strain but plastic stress field.
Figure 1 shows the design model of a square plate (W/L=1)
with an elliptical hole of semiaxes a, b under uniaxial pressure
loading p =10py, where the incremental pressure p, =9.8 MPa.
The material properties of Young’s modulus, Poisson’s ratio, the
initial yield stress, and the strain hardening modulus are assumed,
respectively, to be £ =205.8 GPa, v=0.3, oyo = 157 MPa, and
E; =4.9 GPa. Because of symmetry, a quarter region of the plateis

Table1 von Mises stress sensitivities of circular plate

Loading Radius Direct differentiation Finite difference
step r/a method, MPa/mm method, MPa/mm
1 1.02 —0.6927 —0.6924
1.08 —0.7942 —0.7938
1.14 —0.8618 —0.8619
1.26 —0.9091 —0.9094
1.36 —0.9051 —0.9050
1.54 —0.8620 —0.8620
1.69 —0.8088 —0.8088
1.92 —0.7255 —0.7255
3 1.02 —0.03695 —0.04165
1.08 —0.04047 —0.03234
1.14 —1.5092 —1.5102
1.26 —1.5562 —1.5572
1.36 —1.5317 —1.5317
1.54 —1.4347 —1.4357
1.69 —1.3348 —1.3348
1.92 —1.1887 —1.1887
5 1.02 —0.1515 —0.1485
1.08 —0.1472 —0.1485
1.14 —0.1349 —0.1367
1.26 —0.1135 —0.1130
1.36 —0.1115 —0.1103
1.54 —3.6632 —3.6515
1.69 —3.2938 —3.2703
1.92 —2.8322 —2.7930
Table2 Optimization process of circular plate
Iteration Design variable Maximum stress Objective function
step b/a 0 /04 I
0 2.000 0.9665 1.0000
1 1.687 1.3859 0.6156
2 1.884 1.0560 0.8494
3 1.922 1.0009 0.8985
4 1.923 1.0000 0.8993
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Table3 Comparison of objective function, design
variable, and constraint values

Parameter Initial Optimal
Objective function f/W? 0.8743 0.8509
Design variable
a/W 0.400 0.336
b/ W 0.400 0.565
Constraint o, /o,
81 0.8886 0.9940
I 0.3022 0.6452
83 1.0695 1.0086
ARNERE

b

Fig. 1 Plate with an elliptical hole
under uniaxial tension.
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a/W=0.336 0.4
Fig. 2 Initial and optimum shapes of elliptical holes.

subdivided into 48 8-node quadratic elements and 173 nodes. The
finite element mesh in all regions is adjusted adaptively at each op-
timization step. Eight loading steps of Ap; = 3py, Ap, = Ap; =
Apy = Aps = Aps = Ap; = Apg = py are applied incrementally.

The hole shape is interpolated by trigonometric function as
x;=acos6f and x, =bsinf, and the major and minor semiaxes
a and b are taken as the design variables. The equivalent values of
the von Mises stress on the hole boundary are restricted less than
the allowable stress o, /oyo = 1.25, and the stress constraints are
imposed at several points on the boundary. To minimize the weight,
the direct Taylor series approximationtechniqueis adopted for con-
structing a quadratic subproblem. The approximated subproblem
with move limit is solved by the complementary pivot method. The
optimum ssolutionof the design variables, the objective function,and
the stress constraints obtained after seven iterations are tabulated in
Table 3 in comparison with the initial values. The stress constraints
atd = 0 deg (g1) and 90 deg (g3) are active in the optimum shape.
Figure 2 shows the initial and optimum shapes of the hole. The op-
timum hole shape of the elastic design with same allowable stress
is also shown as a reference. The optimum hole shape of elastic
design (b/a =3.10) is smaller and more slender than that of the
plastic design (b/a = 1.68).

Concluding Remarks
An exact and direct sensitivity analysis technique of the elasto-
plastic material governed by bilinear constitutive law, which has
the discontinuous sensitivities at the yielding point, has been sug-
gested. The sensitivity analysis technique was applied to the two-

dimensional sensitivity analysis and shape optimization of the
elastoplastic material. From these numerical results, it was found
that 1) the sensitivity analysis technique suggested here can exactly
treat the discontinuity caused by the bilinear constitutive law of
elastoplastic material, and 2) the sensitivity analysis technique can
effectively determine the optimum shape of an elastoplastic two-
dimensional body with the aid of the approximation method.
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Introduction

HE Prandtl-Meyer solution for the flow around an expansion

corner is well known. However, the study of Adamson' in-
dicated that the transport properties in the expansion process of a
real flow may have strong effects on the laminar flow properties.
The velocity and streamline patterns change, and the surface pres-
sure decreases gradually along the streamwise direction. The flow
would reach the final equilibrium condition only after some finite
distance downstream of the corner. The previous studies’~ at Mach
1.76-8.0 indicated the similar trend of the expansion process. Fur-
ther, Lu and Chung6 found that the downstream influence (xp, /3,)
of turbulent flow past expansion corners can be scaled with the
hypersonic similarity parameter (K = M _«) (Fig. 1). The surface
pressure of weak expansionsreaches the downstream inviscid value
more quickly. However, Narasimha and Sreenivasan’ mentioned
that the interaction region appears to be insensitive to the corner
deflection angle for supersonic flow. In this Note, Narasimha and
Sreenivasan’s statement is corroborated for a low supersonic Mach
number in conjunction with the work of Lu and Chung,® which al-
lows conclusions to be drawn concerning Mach number effects on
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